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General techniques for constructing vector fields for unmanned aircraft guidance are provided that incorporate

Lyapunov stability properties to produce simple, globally stable vector fields in three dimensions. Use of these fields

to produce circular loiter pattern attractors is illustrated, alongwith a simple switching algorithm to enable following

of arbitrary way point sequences. Alternatively, attractor shape variations are developed by warping the circular

loiter, preserving global stability guarantees, and accurate path tracking. An example of this technique is provided

that produces a racetrack loiter pattern, and three different variations in the warping technique are compared.

Finally, tracking of the vector field is considered, using Lyapunov techniques to show global stability of heading and

path position for several types of tracking control laws that are compatible with low cost unmanned aircraft avionics.

Nomenclature

a, b, l, m = control law parameters
F� �r� = warping function mapping �r to �q
G� �q� = inverse warping function mapping �q to �r
H� �r� = weighting matrix
I = identity matrix
k = feedback inversion gain
Li, Ji = time intervals
n̂ = unit normal to the loiter plane
P�_�r; _�rd� = middle level feedback control law for vector field

tracking
Pr = component of P�_�r; _�rd� parallel to _�r
P? = component of P�_�r; _�rd� orthogonal to _�r
�q = UA position vector in parametric space
~q = feedback inversion estimate for �q
R = bound on _�r
r = magnitude of UA position vector
�r = UA position vector relative to an inertial

reference frame
��r = UA inertial acceleration vector
_�r = UA inertial velocity vector
~r = feedback inversion estimate for �r
_�rd = vehicle velocity vector produced by the

Lyapunov vector field
��rd = desired acceleration from the Lyapunov vector

field
rn = UA position component normal to loiter plane
�rt = UA position component in the loiter plane
S� �r� = circulation vector field component
�u; v; w� = coordinates of �q
VF� �r� = Lyapunov function defining the Lyapunov

guidance vector field

_VF� �r� = time derivative of the Lyapunov function along
the vector field

Vg = feedback inversion Lyapunov function
VT = tracking Lyapunov function
VW� �r� = warped Lyapunov function
v = vector field magnitude (desired speed)
�x; y; z� = inertial frame coordinates of �r
�xo; yo; zo� = loiter circle center
ẑ = downward-pointing unit vector
�� �r� = vector field normalizer
� = tracking gain
�� �r� = weighting matrix
� = relative circulation vs contraction weighting

factor
� = vector field parameter vector
�minf g = minimum eigenvalue
� = loiter circle radius
� = UA course angle
�d = desired course angle from the vector field
�! = course turning rate
h i = mod���; ��

I. Introduction

A UTONOMY is essential for many unmanned aircraft (UA)
applications. Remote piloting is not suitable for missions that

are long in duration, have unreliable or delayed communication
links, involve large numbers of vehicles, or require real-time data-
driven cooperation between vehicles. At the same time, it is
necessary that autonomous flight control be reliable, and in many
current and envisioned applications, simple enough to implement in
small flight computers found on low-cost vehicles.

Control over vehicle position is the ultimate objective of
autonomous flight control, requiring sufficiently accurate measure-
ments of position for the application at hand. The application also
determines the type of position control that is needed. In midair
refueling, formation flying, and target interception, relative position
between UA and target is the critical measurement, and control must
achieve sufficiently fast reduction of position error to the desired
position offset (which may be zero). This is a target tracking type of
flight control. In coordinated attack or rendezvous missions,
particular georeferenced positions at particular times are needed,
generating a trajectory tracking type of flight control. Path tracking
occurs in applications such as border patrol, convoy protection, and
air traffic holding patterns, where particular locations on a path at
particular times are not important, as long as the vehicle converges to
a georeferenced path and stays on it.Waypoint following requires the
vehicle to fly over particular geolocations, usually in a specific order,
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but the specific path between these locations is not constrained, nor is
the time of overflight. Even less constrained are applications in area
or volume sampling, where vehicle position is only constrained to be
in the general vicinity of a particular location, for example, in a
thunderstorm, where specific paths are not needed, and may be
impossible to track anyway.

Clearly, highly constrained approaches can be used to satisfy less
constrained applications. For example, path tracking can be achieved
by defining a virtual target vehicle to track on the desired path [1–3]
or by defining a specific trajectory to track that covers the desired
path. However, these additional constraints may prevent a full
utilization of freedom in the application to address other objectives
and may present extraneous complications in trajectory planning.

The above control approaches can be described as explicit
methods, where a particular positioning goal is defined a priori
(volume/area, waypoint, path, trajectory, target), and control is
designed to achieve that goal. Other approaches have appeared that
can be described as implicit methods (also referred to as emergent
behavior), in which the motion goal is not specified explicitly.
Instead, motion results from particular control laws or agent
behaviors on each vehicle, and behavior emerges [4–6] from the
interaction of the control lawwith the environment or other vehicles.

This paper takes an explicit approach to autonomous flight control
for applications in path tracking, waypoint following, and area/
volume sampling. Reliability and simplicity motivate the develop-
ment of a hierarchical control approach based on a vector field for
vehicle guidance that provides an easy to implement control law
relating vehicle position to desired velocity, and has provable global
stability properties to limit cycle behavior. Lower levels in the
hierarchy are then designed to ensure that the vehicle tracks this
vector field. This provides a simple, yet highly capable basis for
higher level algorithms that adjust the parameters of the vector fields
to accomplish complex autonomous UA behaviors.

At the lowest level, control surfaces are used to produce
aerodynamic moments to achieve stable dynamics and desired
vehicle attitude. In turn, attitude relative to the airstream provides
desired aerodynamic forces. These combine with gravity and
propulsion forces to determine translational accelerations. Rigid
body equations of motion and prevailing wind then determine the
resulting velocity and position of the vehicle over time. See, for
example, [7] for more detail. Here, it is presumed that the vehicle
dynamics are sufficiently well known so that desired translational
accelerations can be obtained, or well approximated, by low level
flight control. The details of control at this level are vehicle specific
and are not discussed in this paper.

The key layer in the hierarchical architecture described previously
is the midlevel guidance controller. This layer is based on the
Lyapunov vector field control concept which is a nonlinear cascade
control approach [8], whereby a desired velocity vector field is
specified that provides global attraction to a desired path and
translational accelerations are used to align the UA velocity with this
vector field. Given its simplicity and ease of implementation with
limited computational resources, this notion of vector field control
has received considerable recent attention for UA guidance in
trajectory tracking [9], waypoint navigation [10], line following
[11,12], stationary loitering [12], target observation [13], target
tracking [14,15], and area/volume sampling [16].

Unlike these previous examples which have all used Lyapunov
stability theory to analyze specific control laws (which have a
corresponding induced vector field), we present a method for
designing families of vector fields that are essentially globally
asymptotically stable by construction. In particular, a general design
approach is presented for constructing vector fields that have
specified (nonzero) velocity everywhere, and that converge to
closed, nonintersecting paths. Fixed wing aircraft must maintain
airspeed to fly, so vector fields that converge to set points (equilibria)
are not suitable. A detailed example is provided of the design of a
vector field that converges to a circular (limit cycle) loiter pattern in
3-D. This design method is then extended to obtain other paths that
are diffeomorphic to a circle, preserving global stability, and we
show that several different warping variations are possible. Using

these global constructions, the resulting vector fields are free of the
ambiguities that arise in local methods, for example, in computing
the closest point on the target path and the corresponding Serret–
Frenet frame [13,14]. The global approach also obviates the
construction of paths to destinations, such as waypoints, because the
Lyapunov vector field provides well-behaved guidance to the
destination from any initial location. Other work uses ad hoc vector
field constructions [12–15,17] or vector fields derived from the
particular physics of fluid flow [18], in contrast to the general vector
field construction method provided here.

Furthermore, we analyze the resulting nonlinear cascade whereby
translational acceleration is controlled by feeding forward desired
acceleration with a term dependent on the error between the desired
and actual velocity vectors. We demonstrate that this provides
asymptotic path tracking under general conditions on the accelera-
tion control law, illustrating this result with several examples that are
compatible with micro air vehicle avionics capabilities. Of particular
note, this vector field tracking approach does not require high gain
control to achieve accurate path tracking.

The paper is organized as follows. Section II provides a general
treatment of the Lyapunov vector field approach and illustrates this
approach with a circular loiter example, which is similar to previous
special cases [15,16,19–22]. It also discusses circular vector field
switching to produce arbitrary waypoint following. Section III
extends the circular attractor to other shapes via warping functions
and discusses three different types of warping transformations. A
racetrack loiter pattern is provided as an example. Section IV
discusses acceleration control to produce vector field tracking,
providing explicit techniques for the implementation of Lyapunov
vector field guidance on small UAs.

II. Vector Field Construction

For vehicle guidance, we want to construct a vector field

_�r d � h� �r; ��t�� (1)

parameterized by a coefficient array �, which may be a function of

time. This provides a desired velocity vector _�rd at each vehicle
position �r (see Fig. 1) that can be used as a reference for control of
vehicle acceleration. To understand the properties of the vector field

itself, we assume in this section that the vehicle motion _�r can be

specified to equal any desired vector field _�rd. (Section III discusses
the tracking of a desired vectorfield using acceleration control.) Then

Eq. (1) becomes a differential equation: _�r� h� �r; ��t��. If the vector
field can be specified so that global behavior of solutions �r�t� to the
associated ordinary differential equation (ODE) can be specified to
be simple and robust for all admissible values of �, and the vehicle
can track the reference vector field, then management of the vehicle
can be accomplished at a higher hierarchical level by relatively
infrequent manipulation of the parameters in �. This promotes a high
degree of autonomy in the vehicle and reduced communication
bandwidth to centralized command and control systems.

r  

ŷ  rdr  

ẑ

x̂  

.
.

Fig. 1 UA inertial position and velocity, along with the desired velocity

defined by the Lyapunov vector field.
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Desired asymptotic behavior for �r�t� is produced via an attractor,
which consists of a path or equivalently a set of desired positions to
which the vehicle should converge. In many other applications, this
set could be a single equilibrium point, which implies an asymptoti-
cally fixed position (zero velocity). For fixed wing UAs, however,
this is not possible because they must maintain airspeed to remain
aloft. Here we are interested in attractors that allow asymptotic
motion with nonzero velocity. Such attractors are continuous curves
in configuration space and could take many forms, including chaotic
“strange” attractors [23]. To provide well-understood vehicle
behavior, however, we focus on the simplest of these attractors, that
is, limit cycles. In this application, these are closed, non-self-
intersecting curvesC inR3 which contain no equilibrium points. The
problem is then to construct a vector field h� �r; �� that causes vehicle
motion to be globally attracted to this set C.

We use the Lyapunov stability theory to construct a vector field,
rather than to analyze a given vector field. In this approach, the
desired attractor C is specified as a zero-level set of an otherwise
positive scalar potential function VF� �r�. The specific conditions on
VF� �r� are as follows:

A1: VF� �r� is positive definite on D with respect to C, that is,
VF� �r� � 0, 8 �r 2 D, and VF� �r� � 0) �r 2 C.

A2: VF� �r� is radially unbounded, that is, �r!1 implies that
VF� �r� ! 1.

A3: VF� �r� is continuously differentiable on an open domain
D � Rn and has no local extrema (other than on C) or inflection
points, that is, @VF=@ �r� �0 implies that VF� �r� � 0.

A4:VF� �r� is not an explicit function of time, that is, the attractorC
is fixed in time.

The following result gives a general class of vector fields derived
from VF� �r� that make C an attractor and also provides an explicit
region of attraction.

Theorem 1: Let �r 2 Da � D � Rn, with Da such that
a � VF� �r� � 0, 8 �r 2 Da, whose boundary is defined by VF� �r� �
a and possibly VF� �r� � 0. Let �� �r; t�: Da � 	0;1� ! Rnxn be
continuous and uniformly positive definite onDa uniformly in t, and
continuous in t, and let S� �r; t�:Da � 	0;1� ! Rn be continuous on
Da, uniformly in t, and continuous in t, such that

@VF
@ �r

S� �r� � 0; 8 �r 2 Da (2)

Then under conditions A1–A4, all integral curves of the vector field

_�r� h� �r; ��t�� � �
�
@VF
@ �r

�� �r; t�
�
T


 S� �r; t� (3)

beginning in Da converge to the set C as t!1.
Proof: For any �r 2 Da the time derivative of VF� �r� under A4 is

given by

_V F� �r� �
@VF
@t

 @VF
@ �r

_�r� @VF
@ �r

h� �r; ��t�� (4)

Then using Eq. (3),

_V F� �r�t�� � �
�
@VF
@ �r

�
�� �r; t�

�
@VF
@ �r

�
T

(5)

and since �� �r; t� is positive definite, _VF� �r� � 0. Hence, VF� �r�
converges, is bounded between a and 0, and Da is positively
invariant. Since VF� �r� is a radially unbounded function (A2), Da is
compact. Then @VF=@ �r,�� �r; t�, and S� �r; t� are uniformly continuous

onDa, uniformly in t, and so from Eq. (3), _�r is bounded uniformly in

t. Hence, �r�t� is uniformly continuous in t, and fromEq. (5), _VF� �r�t��
is also. By the Barbalat lemma [24], _VF� �r�t�� ! 0. Since �� �r; t� is
uniformly positive definite, _VF� �r� ! 0 implies that @VF=@ �r! �0.
By A3, this implies that VF� �r� ! 0, and by A1, �r! C. □

Thefirst term in the vectorfield (3) is a contractionwhich produces
a vector field component that is directed in opposition to the gradient
of the potential functionVF� �r�. When� is isotropic (a scaled identity
matrix), this term is exactly opposite to the gradient of VF� �r�. A

nonisotropic � allows a limited variation in this gradient-opposing
direction, so thatVF� �r� remains monotone decreasing over time. The
second term inEq. (3) is a circulation term,which is always normal to
the gradient of VF� �r�, and hence does not contribute to the change in
VF� �r� over time.

Observe that the function S� �r� should not be selected to be zero on
the attractorC because in Eq. (3), @VF=@ �r� �0 requires that _�r� S� �r�,
and this would result in zero asymptotic vehicle velocity. For UA
tracking control, it is desirable to choose�� �r; t� andS� �r; t� so that the
vector field (3) is normalized to provide desired vehicle speed v at
any point �r, that is,

jh� �r; ��j �
�����
�
@VF
@ �r

�� �r; t�
�
T


 S� �r; t�
�����v� �r; t� (6)

To preserve the constraints on @VF=@ �r, �� �r; t�, and S� �r; t�, v can be
any positive constant, or any positive, continuous function of �r and
time that satisfies safe flight speed constraints on the vehicle,
provided that �� �r� remains uniformly positive definite on compact
domains Da.

An example of functions VF� �r�, �� �r�, and S� �r� that satisfy the
conditions for Theorem 1 and produce a simple set C are as follows.
This is similar to that originally provided [16]. Later work
[12,15,19,20] has also used similar vector fields. Here, these vector
fields are extended from2-D to 3-D, enabling a complete treatment of
lateral and vertical motionswith the Lyapunov vector field approach.
Also, the specific form of the vector field used here provides stronger
attraction in the neighborhood of the loiter circle, compared to
[15,16,20,22], resulting in better path tracking in the presence of
disturbances. Let the coordinates of �r be given by the difference
between the vehicle location �x; y; z� and the center of a desired loiter
circle attractor C at �xo; yo; zo�. Let the loiter circle lie in a plane
normal to the unit vector n̂, and let the desired in-plane radius ofC be
�. Define the normal and tangential (i.e., in-plane) components of �r
via projections onto n̂ and the plane orthogonal to n̂ via
�r� n̂n̂T �r
 �I � n̂n̂T� �r� �rn 
 �rt. Define corresponding scalar
magnitudes rn � n̂T �r and rt � j�rtj, and define the Lyapunov
function

VF� �r� � 1
2
r2n 
 1

2
�rt � ��2 (7)

Then with r̂t � �rt=j �rtj, �rt ≠ �0, we can derive

@VF
@ �r
� rnn̂T 
 �rt � ��r̂Tt (8)

The Lyapunov vector field (3) is then obtained with the definitions

�� �r; t� � 1

�� �r; t� I; S� �r; t� � ��t� n̂ � �rt
�� �r; t� (9)

where ��t�> 0 and the speed normalization �� �r; t� is given by

�� �r; t� � 1

v�t� �r
2
n 
 �rt � ��2 
 r2t ��t�2�1=2 (10)

Note that VF� �r� is nonnegative and is zero only when the vehicle
position �r lies on the desired loiter circleC, so that rn � 0 and rt � �,
satisfying (A1). Also, @VF=@ �r! 0 impliesVF� �r� ! 0, and �r!1
implies that VF� �r� ! 1, satisfying (A3) and (A2). If n̂ is oriented
vertically, the loiter circle is horizontal. Because Eqs. (8–10) produce
Eq. (6), the vectorfield velocity is everywhere given by v�t�. Also, on
Cwe have the vector field contraction term �@VF=@ �r��� �r; t� � 0 and
from Eqs. (9) and (10), the vector field circulation term
jS� �r; t�j � v�t�, providing the desired velocity on the loiter circle.
The sign of ��t� in S� �r; t� determines the direction of circulation on
C. When �r becomes large, the normalization (10) causes the
circulation term jS� �r; t�j ! 0 and the contraction term
j�@VF=@ �r��� �r; t�j ! v�t�. From Eq. (8), the vector field points
toward the center of the loiter circle when far away and smoothly
veers into a circular loiter as the radial distance converges to �. The
magnitude of ��t� controls the relative strength of the circulation and
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contraction terms, which modifies the abruptness of the transition
from domination by contraction to domination by circulation.
Likewise, a nonisotropic �� �r; t� could be used to vary the strength of
contraction normal to the circle relative to the contraction in the
plane of the circle. Figure 2 shows this vector field for
�xo; yo; zo� � �0; 0; 10� m, �� 100 m, and v� 10 m=s, along with
some integrated trajectories beginning at various initial conditions.
Two different circulation strengths are shown.

ApplyingTheorem1 toEq. (7) fora < �2=2, the setDa is a torus in
R3 centered on the loiter circle C [note VF� �r� � 0 is not a boundary
ofDa in this case, but lies inside the torus]. From Eq. (8), @VF=@ �r is
continuous everywhere except when rt � 0 (where r̂t is not defined),
that is, except on the line normal to the loiter circle plane, passing
through the center of the circle. Since Da does not include this line,
by construction, @VF=@ �r is uniformly continuous on Da. Also,
�� �r; t� and S� �r; t� are uniformly continuous on R3, uniformly in
time, provided that ��t� and v�t� are uniformly continuous, and v�t�
is positive and bounded away from zero. Then from Theorem 1 we
have convergence of �r to the loiter circle C beginning at any point in
the torus Da, a < �

2=2.
In fact, the region of attraction forC is essentially global, that is, it

includes all initial conditions except those on a set of measure zero in
R3, that is, the line through the circle center identified previously.
This can be shown by usingTheorem1 separately on two orthogonal,
independent components of the vector field. Let Vn � r2n=2 and
Vt � �rp � ��2=2, and identify components of �r as rn 2 R1 in the n̂
direction and �rp 2 R2 in the plane normal to n̂. Note that �rt and �rp
have different dimensions, but the samemagnitude rp � rt since �rt is
zero in the n̂ direction. Define the following regions (see Fig. 3)
whose boundaries are defined by Lyapunov function values as
required by Theorem 1:

Da1 � f �rp 2 R2 j 0< " � rp � �g
where 0 � Vt � a1� ��� "�2=2

Da2 � f �rp 2 R2 j � � rp � 	g
where 0 � Vt � a2� �	 � ��2=2

Da3 � frnR1 j 0 � jrnj � 
g where 0 � Vn � a3� 
2=2

From Eq. (9), the component of S is zero onDa3, and �� 1=�� �r; t�,
hence Eq. (5) becomes _Vn ��r2n=�� �r; t�. Similarly, on bothDa1 and
Da2, S is orthogonal to �rp and �� I2�2=�� �r; t�, and Eq. (5) becomes

_Vt ���rp � ��2=�� �r; t�. Since �� �r; t�> 0, both Vn and Vt are
bounded, and the sets Da1, Da2, and Da3 are positively invariant, rn
and �rp are bounded, and 1=�� �r; t� is bounded away from zero. By
Theorem 1, rn ! 0 and rp ! �, that is �r! C. Since " > 0 can be
arbitrarily small and both 	 > 0 and 
 > 0 can be arbitrarily large, all
initial states except those on the line in �r 2 R3 defined by rp � 0
converge to the attractor C.

This global behavior provides lower level behavior that is easy to
build on for higher level control: essentially any initial state results in
circular loitering flight centered at �xo; yo; zo� with radius � and
velocity v. It provides the UA with autonomous control which is
simple to implement in an on-board microprocessor autopilot, as
discussed in more detail in Sec. III. This globally attractive loiter
circle behavior is specified through only six scalar parameters ��
�xo; yo; zo; �; �; v� and the three components of the normal vector n̂.
The parameters ��; v� can be varied continuously, but the other
parameters must be fixed in time for Theorem 1 to apply. However,
these parameters can be switched occasionally, for example, to
define a new attractor once the existing one is attained, resulting in an
initial condition in the region of attraction of the new vector field,
providing a variety of more complex guidance capabilities.

For example, the loiter circle approach can be used to construct
robust waypoint navigation schemes, where the next waypoint is
given as the loiter circle center, or as a point on the loiter circle so the
vehicle flies directly over the waypoint. This approach is robust to
waypoint generation timing: if the next waypoint is not available as
the existing waypoint is approached, the vehicle will simply orbit the
existing loiter center until the next one is available. No complex
decision logic is needed to initiate turns. Also, the next waypoint
vector field can be enabled based on proximity to thewaypoint on the
current target loiter circle, providing automatic sequencing of

Fig. 2 Example vector field satisfying the assumptions for a globally attractive limit cycle, along with portions of integrated trajectories beginning at

three different initial conditions. The left plot has a circulation parameter of �� 0:3 and the right plot has �� 0:9.

ρ  

ε  

δ  

2aD  1aD  

 

σ  0  σ−  
1pr  

nr

2pr  

3aD  

Fig. 3 Domains Da1, Da2, and Da3.
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waypoints to produce smooth transitions between waypoints.
Although no formal theory is available, switching works well when
the waypoints are separated by at least a loiter circle diameter, so that
the next target loiter circle can be unambiguously defined, as
explained in the example in Fig. 5.

Figure 4 shows a simulation of an aircraft following a “racetrack”
pattern by switching between two loiter circle vector fields (star
centers), anchored by twowaypoints (triangles). The switch criterion
is simple: the vehicle must have passed within a specified distance
(10m in this example) of thewaypoint on the current loiter circle, and
the vehicle heading must align within a specified error (11.5 deg in
this case) to the vector field for the next waypoint. This provides a
smooth transition between the two vector fields to produce an
approximate racetrack loiter pattern. Switching based only on
proximity to the loiter circle can produce undesirable flight paths,
where the switch to the new vector field requires an abrupt direction
change from the current heading. Although not as accurate as the
racetrack obtained by warping a single circle loiter (cf. Sec. III), the

switching approach is simple and flexible enough to enable on-board
real-time changes in shape. In Fig. 4, only the two waypoints
(triangles) and the desired loiter radii are required as inputs to the
switched loiter circle autopilot. If the exact path is of less importance
than reaching specific waypoints, then this simple vector field
switching method should be considered.

Extending this idea further, switching circular loiter vector fields
can be used to follow arbitrary waypoint sequences that are produced
by higher level task planning algorithms, for example, [25,26]. This
enablesmore complexflight patterns,without the need for preproces-
sed route information. Figure 5 shows an example of an aircraft
navigating a set of waypoints, where the algorithm is aware of only
the most recent past waypoint A, the current target waypoint B (i.e.,
the waypoint defining the current vector field), and the next way-
point C. This information is used to produce a loiter circle passing
through the current target waypoint, with centerD bisecting the angle
between lines joining the current waypoint and the previous and next
waypoints. The lines AB and BC also determine the direction of
circulation on the target loiter circle, that is, whether the next
waypoint is to the right or left of the bearing to the current waypoint.
As in Fig. 4, when the target waypoint is reached, switching to the
next target loiter circle at the next waypoint is enabled and occurs
when the aircraft heading and the next vector field are approximately
aligned. This switching algorithm is simple enough to be run by the
on-board autopilot, enabling upload of new waypoints in midflight.
If the next waypoint is not available in time, the UA simply circles on
the current loiter circle as shown at the last waypoint in Fig. 5.

Another application of loiter circles is in situ atmospheric sensing
with large numbers [21] of small UAs. There, each vehicle is guided
by its own loiter circle vector field, but data sensed in this process are
used to autonomously modify the loiter circle location, for example,
to cause vehicles to cluster in regions where high quality data are
located. Here, a tilted loiter circle enables gradients of the
atmospheric data to be estimated on each circuit, and this can be used
to modify loiter circle location and diameter for desired clustering
control. The robust, globally stable vector field behavior enables
intervehicle coordination to be accomplished at higher levels in the
control hierarchy and at lower rates of intercommunication.

The loiter circle approach has also been used for standoff tracking
of ground targets [15,20], where range to the target optimizes the
tradeoff between sensor accuracy and field of view, or where close
approach to a hostile target is undesirable for stealth or safety
reasons. Both this application and the atmospheric sensing
application have time variation in the loiter circle parameter vector,
that is, center location that can cause mistracking of the desired path,
with errors proportional to the speed of parameter motion. In some
cases, for example, [15], knowledge of the time variation can be used
to recover asymptotic convergence, provided the parameter motion
speed is smaller than the vehicle speed.

In other applications, globally attractive limit cycles may be
desired, but with precise noncircular shapes. Modification of the
shape of the limit cycle is discussed in the next section.

III. Shape Variations

A variety of alternative attractors can be obtained by a “warping”
transformation of the basic circular loiter. This has the advantage of
preserving the global stability properties of the vector field, but has
some subtleties that can have unintended consequences. The most
obvious approach is tomorph the circle vector field using a change of
coordinates. Suppose we map the “physical coordinates” �r�
�x; y; z� to “parametric coordinates” �q� �u; v; w� by a diffeo-
morphism

�q� F�x; y; z� � F� �r� (11)

so that the Jacobian @F=@ �r is nonsingular for all �r. Apply the
Lyapunov vector field (3) in �q coordinates, that is, with �q in place of �r

to obtain _�q and map this back by time differentiating (11):
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Fig. 4 Approximate racetrack loiter produced by switching between
two circular loiter vector fields. The dashed circles represent the target

loiter circles and the triangles are the two targetwaypoints that define the
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_�q� @F
@ �r

_�r (12)

This results in the vector field in the physical coordinates �r in the
form

_�r� h1� �r� �
�
@F

@ �r

��1
_�q�

�
@F

@ �r

��1�
� @VF
@ �q

�� �q�
�
T



�
@F

@ �r

��1
S� �q�

(13)

It is instructive to examine the evolution of the corresponding
Lyapunov function VF� �q� � VF�F� �r�� � VW� �r�:

_V W� �r� �
@VW
@ �r

_�r� @VF
@ �q

@F

@ �r
_�r� @VF

@ �q

@F

@ �r

�
@F

@ �r

��1
_�q

� @VF
@ �q

@F

@ �r

�
@F

@ �r

��1�
�
�
@VF
@ �q

�� �q�
�
T


 S� �q�
�

� @VF
@ �q

�
��� �q�

�
@VF
@ �q

�
T


 S� �q�
�
�� @VF

@ �q
�� �q�

�
@VF
@ �q

�
T

(14)

Compare this to the case that is obtained if we apply the approach
of Eqs. (3) and (4), but in the �r coordinates to directly obtain a

Lyapunov vector field for _�r:

_�r� h2� �r� � �
�
@VW
@ �r

H� �r�
�
T


Q� �r�; @VW
@ �r

Q� �r� � 0 (15)

If we choose

Q� �r� �
�
@F

@ �r

��1
S� �q� (16)

we have

@VW
@ �r

Q� �r� � @VF
@ �q

@F

@ �r

�
@F

@ �r

��1
S�F� �r�� � @VF

@ �q
S� �q� � 0 (17)

If we also define the positive definite matrix H� �r� via

H� �r� �
�
@F

@ �r

��1
��F� �r�� @F

@ �r
(18)

then the vector field _�r can be written as

_�r� h2� �r� � �
�
@VF
@ �q

@F

@ �r

�
@F

@ �r

��1
�� �q� @F

@ �r

�
T


Q� �r�

�
�
@F

@ �r

�
T
�
� @VF
@ �q

�� �q�
�
T



�
@F

@ �r

��1
S� �q� (19)

This results in

_VW� �r� �
@VW
@ �r

_�r� @VF
@ �q

@F

@ �r
_�r�� @VF

@ �q

@F

@ �r

��
@VF
@ �q

@F

@ �r
H� �r�

�
T
�

�� @VF
@ �q

�
@F

@ �r
�� �q�

�
@F

@ �r

�
T
��
@VF
@ �q

�
T

(20)

Comparing Eq. (14) with Eq. (20) we see that an extra factor of
@F=@ �r squared appears in the Lyapunov derivative in the second
case. This shows that the evolution of Eq. (10) versus Eq. (15) will be
different, although both forms result in the same asymptotic solutions
since @F=@ �r is nonsingular. Note that when � is isotropic, so is H,
and the second approach (19) uses the gradient of the warped
Lyapunov function VW� �r� in the contraction term, due to the factor
	@F=@ �r�T . This makes the contraction portion of the vector field a
covariant tensor [27]. In contrast, the use of 	@F=@ �r��1 in the
corresponding place in Eq. (13) does not produce a contraction
component in the negative gradient direction for VW� �r�. In this case,
the contraction portion of the vector field is a contravariant tensor.
The different contraction terms can change the direction of the vector
field somewhat, at locations away from the attractor C, which can

alter the trajectories toward the attractor. In both Eqs. (13) and (19),
however, orthogonality of the circulation term to the gradient of
VW� �r� is preserved under warping, and so this term does not
contribute to changes in VW� �r� in either case.

A third alternative is to proceed as described previously, finding �q
from �r using Eq. (11), and finding the vector field in �q coordinates by

using Eq. (3) with �q in place of �r. However, to get the vector field _�r

simply use the vector field _�q, that is,

_�r� h3� �r� � _�q�
�
� @VF
@ �q

�� �q�
�
T


 S� �q� (21)

This is simpler to implement, but the global stability properties of the
vector field in �q coordinates do not necessarily translate to the same
behavior in �r coordinates in this case.

To illustrate the differences in the three previous warping
approaches, we consider a warping function �q� F� �r� to produce a
racetrack loiter pattern (Fig. 6), which has applications in convoy
protection [15], and airstrip approach, holding, and landing patterns.

Although it may be possible in some applications to find an
explicit function �q� F� �r� to provide the desired attractor shape, this
may be difficult because the attractor is given by the inverse of this
function applied to the circle in �q coordinates. It may be more
straightforward to construct the inverse function �r�G� �q� explicitly,
so the image of the circle is easily compared to the desired attractor,
and adjustments in G� �q� can be made to approximate the desired
shape in �r coordinates. We take this latter approach for the racetrack
pattern, where G� �q� is given by

�r�
x
y
z

2
4

3
5�G�q� � g�u�

v
w

2
4

3
5 where g�u� � u �juj 
 b��juj 
 a� (22)

The parameters a and b are given by a� �=20 and b� ��f � 1�,
where � is the radius of the unwarped circle, and f > 1 is the “stretch
factor,”which is approximately the ratio of the length of the racetrack
over the diameter of the unwarped loiter circle. Note that only the x
coordinate is warped in this example, but an arbitrary orientation of
the racetrack could be specified by rotating coordinates after
applying the stretch function along one direction as above. The
Jacobian of F is given by

@F

@ �r
�
�
@G

@ �q

��1
�

�
dg
du

��1
0 0

0 1 0

0 0 1

2
664

3
775

where
dg

du
� �juj 
 a�

2 
 a�b � a�
�juj 
 a�2

(23)

The function g�u� is actually C1, despite the juj terms, because
derivatives of juj in dg=du are multiplied by u and udjuj=du� juj is
continuous at 0. Note that if f > 1, then @G=@ �q is nonsingular for all
�q, since ab > 0.
To use this warping function, we must find the parametric

coordinate u for each position x. In this example, there is a closed
form solution foru� g�1�x�, given by noting that sign�u� � sign�x�
in Eq. (22) when f > 1 and applying the quadratic formula to solve

Fig. 6 Precise racetrack attractor achieved by warping the circular

guidance vector field, using the covariant inverse mapping.
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for u:

u� sign�x�

2
4jxj � b

2



���������������������������������������
jxj � b

2

�
2


 ajxj

s 3
5 (24)

A more general approach is to compute F as the feedback inverse
of G, as follows. For any fixed �r, let

_~q� k
�
@G

@ �q

��1
� �r � ~r�

where ~r�G� ~q�, and k > 0. Then ~q! F� �r�, which can be seen from
the Lyapunov function Vg � � �r � ~r�T� �r � ~r� whose time derivative
is

_Vg � 2� �r � ~r�T��_~r� � �2� �r � ~r�T @G
@ �q

_~q

��2k� �r � ~r�T @G
@ �q

�
@G

@ �q

��1
� �r � ~r� � �2kj�r � ~rj2 (25)

Since _Vg ��2kVg, the error j�r � ~rj goes to zero at the exponential
rate of e�kt. When �r is not fixed, the position ~q generated by this
algorithm will be an accurate estimate of the corresponding
parametric location given by F� �r� �G�1��r�, provided that the
convergence rate of Vg is fast enough compared to the rate of change

of the vehicle position �r. More precisely, when _�r is nonzero, Eq. (25)
becomes

_V g ��2kVg 
 2� �r � ~r�T�_�r� (26)

Using the standard solution to a first-order linear ODE with input

2� �r � ~r�T�_�r�

Vg�t� � e�2ktVg�0� 

Z
t

0

e�2k�t���2� �r � ~r�T�_�r� d�

Hence by defining ~Vg�t� � Vg�t� � e�2ktVg�0� and with _�r bounded
by R, we have

~V g�t� �
Z
t

0

e�2k�t���2� �r � ~r�T�_�r� d� � 2R

Z
t

0

e�2k�t���j�r � ~rj d�

(27)

At each time, either j�r � ~rj< 1, or j�r � ~rj � 1 in which case

j�r � ~rj � j�r � ~rj2 � Vg � ~Vg 
 e�2ktVg�0�

and so

~Vg�t� � 2R

Z
t

0

e�2k�t����1
 e�2k�Vg�0�� d�


 2R

Z
t

0

e�2k�t��� ~Vg��� d�

�
�
R

k
�1 � e�2kt� 
 2RVg�0�te�2kt

�


 2R

Z
t

0

e�2k�t��� ~Vg��� d� (28)

This is of the form

~V g � ��t� 
 ��t�
Z
t

0


��� ~Vg��� d�

where

��t� �
�
R

k
�1 � e�2kt� 
 2RVg�0�te�2kt

�
� 0

��t� � 2Re�2kt � 0, and 
��� � e2k� . By the Bellman–Gronwall

lemma [28] we have

~V g�t� � ��t� 
 2R

Z
t

0

e2�R�k��t������� d� (29)

Since��t� is bounded,when k > R so is ~Vg, and since ~Vg ! Vg, so is
Vg. Carrying out the integration for the three terms of ���� in
Eq. (29), we also find that Vg is ultimately bounded as t!1 by

Vg �
R

k

 2R2

k�k � R� (30)

Hence the asymptotic tracking error Vg � � �r � ~r�T� �r � ~r� can be
made as small as desired by choosing the feedback inversion gain k
sufficiently large compared to the vehicle velocity boundR. Because
this feedback inversion is an algorithm (not a feedback control of a
physical system), a robust way to achieve fast convergence rates is to
use moderate gains k in a discrete time update for ~q, but iterate the
algorithm many times before updating each new vector field
calculation.

The vector field found through this method of feedback inverse
warping is shown in Fig. 6. The solid line is the streamline resulting
from integrating the warped vector field, using the contravariant
unwarping method (13).

The three different unwarping methods (13), (19), and (21) are
compared in Fig. 7. For this shape, the resulting vector field has
subtle differences in vehicle motion toward the racetrack attractor,
whichmay cause one of these methods to be preferred, depending on
the application. In particular, the covariant (19) and unity (13)
methods are most similar overall, and the contravariant (21) method
has undesirable small radius turns. Also, the unity method has poor
accuracy on the attractor, while the other two converge precisely.
Global stability is guaranteed for the covariant and contravariant
warping methods, but not for the unity unwarping (21). It is
important to note that the various unwarping transformations can
significantly affect the relative sizes of the circulation and
contraction portions of the vector field, and separate renormalization
of these components is required to preserve the relative sizes of these
terms. Otherwise, the resulting vector field in physical coordinates
can be highly distorted and produce unexpected results.

IV. Vector Field Tracking

A. Vector Field Convergence

To control a vehicle to track the Lyapunov vector field _�rd using
applied accelerations, consider the following control law:

��r��P�_�r; _�rd� 
 ��rd ��P�_�r; h� �r�� 
 ��rd (31)

where _�rd � h� �r; t� is given by, for example, Eqs. (3) and (13) or
Eq. (19), and hence

Fig. 7 Comparison of three inverse mapping methods.
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��r d �
@h

@ �r
_�r
 @h

@t

We assume the following:

A5: The function �_�r � h� �r��TP�_�r; h� �r�� is a uniformly continuous

function of �_�r � h� �r��, and positive semidefinite in the sense that

�_�r � h� �r��TP�_�r; h� �r�� � 0 and �_�r � h� �r��TP�_�r; h� �r�� � 0 implies

that P�_�r; h� �r�� � 0, and P�_�r; h� �r�� is bounded whenever _�r and h� �r�
are bounded.

A6: The vector field h� �r; t� is bounded, for example, by the
normalization in Eq. (6).

Theorem 2: Under A5 and A6, the control law (31) produces

P�_�r; h� �r�� ! 0.
Proof: Consider the following vector field tracking Lyapunov

function:

VT � �_�r � h� �r��T�_�r � h� �r�� (32)

The time derivative of this is

_VT � 2�_�r � h� �r; t��T
�
@�_�r � h� �r; t��

@ �r
_�r
 @�

_�r � h� �r; t��
@_�r

��r


 @�
_�r � h� �r; t��
@t

�
� 2�_�r � h� �r; t��T

�
� @h
@ �r

_�r � P�_�r; h� �r; t��


 @h
@ �r

_�r
 @h
@t
� @h
@t

�
��2�_�r � h� �r; t��TP�_�r; h� �r; t�� (33)

which uses Eq. (31) for ��r and the expression after Eq. (31) for ��rd.
Since P is positive semidefinite, _VT � 0 and VT converges. Hence,

VT and �_�r � h� �r�� are bounded. From A6, _�r is bounded. Hence P in

Eq. (31) is bounded. Then d
dt
�_�r � h� �r�� is bounded and �_�r � h� �r�� is

uniformly continuous. Then _VT�t� in Eq. (33) is uniformly

continuous and by Barbalat, _VT ! 0. Hence, P�_�r; h� �r�� ! 0. □

This result does not immediately imply that _�r � h� �r� ! 0.Pmust
be selected carefully to obtain this result from the results of
Theorem 2. A simple choice for the control law P is given by

P�_�r; h� �r�� � ��_�r � h� �r��with � > 0. In this case, _VT ��2�VT and
VT and _�r � h� �r� converge exponentially to zero, achieving

asymptotic tracking of the vector field velocity. Unfortunately, if _�r is
initialized near the opposite direction from h� �r�, then the vehicle

speed j_�rj can pass very close to zero on its way to converge to h� �r�.
Also, no acceleration limits are imposed with this approach (e.g., to
limit turn rate, or climb rate).

One way to incorporate limits is to use a P in the form

P�_�r; h� �r�� � P? � �_�r � h� �r�� 
 Pr � �_�r � h� �r��

where

P? �
m

m
 j_�r � h� �r�j

�
I �

_�r_�rT

j_�rj2

�
; Pr �

l

l
 j_�r � h� �r�j
�
_�r_�rT

j_�rj2
(34)

are scaled projections onto the subspaces orthogonal to and parallel

to _�r, respectively. The scaling limits the size of the projection to limit
turn rate/vertical acceleration (bym) and to limit the rate of change in

speed (by l). When m> 0, l > 0, P�_�r; h� �r�� ! 0 implies that _�r �
h� �r� converges to zero. By making l small compared to m, this

control law encourages _�r to converge to h� �r� by turning or climbing
instead of changing speed.

Another special case of P corresponds to a common approach in
tracking 2-D vector fields, using the so-called kinematic model of
airplane flight [12]. Let � be the instantaneous course angle of the
vehicle, which is the angle between the north pointing axis and the

horizontal component of _�r, measured clockwise. Then the angular

velocity of the horizontal component of _�r (turning rate) is given by
�!� _� ẑ, where ẑ is the downward-pointing vertical unit vector.

Similarly, let �d be the desired course angle derived from the vector

field _�rd � h� �r�, and let �!d � _�dẑ be the corresponding turning rate of
_�rd. Then the control law

_�� kh�d � �i 
 _�d (35)

for positive gain k and h�d � �i � ��d � �����; �� (the so-called
“wrapped” version of the course angle error) can be written as
�!� kh�d � �iẑ
 �!d. Assuming the vehicle velocity has the same
(constant) magnitude as the vector field, and these are both

horizontal, we have ��rd � �!d � _�rd � �!d � _�r. Setting ��r� �! � _�r
produces the acceleration control law

��r� kh�d � �iẑ � _�r
 ��rd (36)

from which P�_�r; _�rd� in Eq. (31) can be recognized as

�kh�d � �iẑ � _�r. Note that this control law does not change the
magnitude of the vehicle velocity, since

d

dt
j_�rj2 � 2_�rT ��r� 2_�rT� �! � _�r� 
 0 (37)

and _�r remains horizontal if _�rd does, since ẑT ��r�
ẑT�kh�d � �iẑ � _�r
 ��rd� 
 0. Checking the conditions on P�_�r; _�rd�
for stability, observe that the positive semidefinite part of A5 is
satisfied:

�_�r � h� �r��TP�_�r; h� �r�� � �kh�d � �i�_�r � h� �r��T�ẑ � _�r�

� kh�d � �ih� �r�T�ẑ � _�r� � kh�d � �i�_�r � h� �r��T ẑ

� kjh� �r�jj_�rjh�d � �i sinh�d � �i � 0 8 �d � � (38)

Consider any initial condition where j�d � �j � w< �. From

Eq. (33) j_�r � _�rdj is nonincreasing, hence j�d � �j � w < � remains

true, andP�_�r; _�rd� is a uniformly continuous function of �_�r � h� �r�� on
this domain, satisfying A5. Now �_�r � h� �r��TP�_�r; h� �r�� � 0 implies

either �d � �� 0, or �d � �� �, or _�r� 0, or _�rd � h� �r� � 0. The
last two alternatives are prevented by the constant (nonzero) velocity
produced by Eq. (37) and the nonzero vector field. The case �d �
�� � cannot occur, as just argued. Then by the LaSalle invariance
principle, Eq. (33) shows that�d � �! 0. [The vectorfieldh is time
invariant in this case, making Eq. (35) an autonomous system, and so

the LaSalle invariance principle can be applied.] Given that _�r and _�rd
are horizontal, and have the same magnitude, we also have _�r! _�rd.

It is interesting to note that the work of [12] takes a sliding mode
approach that replaces the natural tracking dynamics and the vector
field turning rates in Eq. (36) with a high gain saturation function of
the vector field-to-vehicle course error. The approach offered here
[stemming from Eq. (31)] avoids practical problems with chattering
and control saturation by feeding forward the vector field turn rate,
achieving accurate tracking with relatively low gains on course
errors. Similarly, wind disturbances can be addressed as in [12] using
high gains, or alternatively by using low gains together with
additional estimated wind feedforward terms in Eq. (31), as in
[15,20].

B. Attractor Convergence

Even if the velocity vector _�r asymptotically tracks the desired

velocity _�rd � h� �r� as above, it is not obvious that the vehicle position
converges to the desired attractor, given by VF� �r� � 0 [or
VW� �r� � 0]. The system can be recognized as a cascade of an
asymptotically stable autonomous system (31) driving the vector

field system via the connection �e� _�r � h� �r�, where Eq. (31) can be
written in the form _�e��P� �e�. As shown by an example [29],
convergence of �e to zero does not generally imply that the system
_�r� h� �r� 
 �e has a convergent (or even bounded) �rwhen _�r� h� �r� is
globally asymptotically stable. For stability of equilibria (as opposed
to more general attractors as studied here), [8] shows that linear
boundedness in �r of the coupling term �e is enough to give
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convergent-input-convergent-state stability. In two dimensions,
more general attractor convergence can be shown using the
Poincaré–Bendixson theorem [24]. In three dimensions, this can be
investigated using the vector field Lyapunov function VF� �r� [or
VW� �r� � 0], but with �r resulting from the control law (31). Using the
case of VF� �r�, this produces

_V F� �r� �
@VF
@ �r

_�r� @VF
@ �r

�
�_�r � h� �r�� �

�
@VF
@ �r

�� �r�
�
T
�

�
����@VF@ �r

����
�
j_�r � h� �r�j � �minf�� �r�g

����@VF@ �r
����
�

(39)

using, for example, Eq. (3) for h� �r�, the Rayleigh property for
symmetric matrices, and the Cauchy–Schwartz inequality. Then
Eq. (38) is negative on any time interval Li where

�minf�� �r�g
����@VF@ �r

����>2j_�r � h� �r�j (40)

in which case VF� �r� is decreasing. On any other time interval Ji

�min��� �r��
����@ �VF@ �r

����� 2j_�r � h� �r�j (41)

Since �@VF=@ �r��� �r� ! 0 impliesVF� �r� ! 0 by assumptionA3 and
the uniformly positive definite condition on �� �r�, then for any " > 0
there exists a 	 > 0 such that �minf�� �r�gj@VF=@ �rj< 	 implies that

VF� �r�< ". Since _�r � h� �r� ! 0 from Theorem 2 and a suitable
choice of the control law P (as shown in the previous examples),

there exits a t1 such that j_�r � h� �r�j< 	=2 for all t > t1. If there exist
any Ji intervals where t > t1, we have VF� �r�< " on those intervals,
and for any of theLi intervals where t > t1, we haveVF� �r�monotone
decreasing, hence VF� �r�< " after any such Ji interval. Since " > 0
was arbitrary,VF��r� ! 0. If for any t1, no such Ji intervals exist, then
a single Li interval exists for all t > t1 where

_V F� �r�<�
1

2

����@VF@ �r
�����minf�� �r�g

����@VF@ �r
����

By the arguments in Theorem 1, VF� �r� ! 0. Thus, asymptotic

tracking of the vector field _�r � h� �r� ! 0 implies asymptotic
convergence to the desired attractor VF� �r� � 0.

Figure 8 shows a simulation of the control law (34) applied to the
racetrack vector field, beginning with an initial velocity
approximately in the opposite direction of the vector field. Low
gains �l;m� are able to produce accurate tracking of the racetrack
pattern due to the feedforward of the known vector field acceleration
in Eq. (31). These gains also limit turn rates and speed variation and
can be set to correspond to vehicle maneuvering capabilities.

V. Conclusions

Byconsidering contraction and circulation terms in the vectorfield
separately, the Lyapunov approach produces vector fields that are
globally attractive to a desired closed path and have desirable
nonzero velocities for feasible UA flight. This simple, robust
behavior enables decisions to bemoved to higher levels in the control
hierarchy and simplifies the construction of more complex behavior
by using the vector field as a motion primitive. The example of
switching loiter circle vector fields to follow arbitrary waypoint
sequences illustrates this building block approach to UA guidance
using well-behaved primitives.

Separation of the guidance and control portions of UA flight
control provides the flexibility to design guidance vector fields
independently from the control laws used to track the vector field.
This enables a simplification in the analysis which permits a more
general approach to constructing vector fields that have provable
stability properties. The general framework, in turn, enables
variations that increase the range of applications that the vector field
approach can serve, for example, by varying the shape, size, or
location of the global attractor.

Tracking of the vector field was shown to be globally stable using
several different control laws, one that corresponds with the well-
known planar kinematic model of flight at constant altitude, and
others that enable more general 3-D attractors to be followed.
Because of the simplicity of the vector fields and tracking laws,
vector field guidance and on-board planning using vector fields is
compatible with low-capability avionics processors found in low
cost and micro UAs.
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